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ON (n,1)-ABSORBING /-PRIMARY IDEALS

ABDELHAQ EL KHALFI, HINDA HAMRAOUI, AND HICHAM LAARABI

ABSTRACT. Let R be a commutative ring with nonzero identity. Let
Z(R) be the set of all ideals of R and let 6 : Z(R) — Z(R) be a function.
Then § is called an expansion function of ideals of R if whenever L, I, J
are ideals of R with J C I, we have L C §(L) and 6(J) C 6(I). Let
6 be an expansion function of ideals of R. In this paper, we introduce
and investigate a new class of ideals that is closely related to the class of
d-primary ideals. A proper ideal I of R is said to be an (n, 1)-absorbing
d-primary ideal if whenever nonunit elements a1, az,...,ant+1 € R and
(1G2...0n41 € I, then ajasz...an € I or any1 € 6(I). Moreover, we give
some basic properties of this class of ideals and we study the (n,1)-
absorbing d-primary ideals of the localization of rings, the direct product
of rings and the trivial ring extensions.

1. INTRODUCTION

Throughout this paper, all rings are assumed to be commutative with
1 #0. If Ris a ring, an ideal I of R is said to be proper if I # R, we
denotes /T the radical of an ideal I of R. A commutative ring R with
exactly one maximal ideal is called a local ring. Let also Spec(R) denotes
the set of all prime ideals of R.

Since prime ideals have an important role of ideal theory in the commu-
tative rings, has been widely studied by various authors. Among the many
recent generalizations of the notion of prime ideals in the literature, we find
the following, due to Badawi [3]. A proper ideal I of a ring R is said to be a
2-absorbing ideal if whenever a,b,c € R and abc € I, then ab € I or ac € I
or be € I. In this case /I = P is a prime ideal with P? C I or I = PLN P,

where P;, P, are incomparable prime ideals with v/ ? C I, cf. [3, Theorem
2.4]. Recently, Badawi and Yetkin [6] consider a new class of ideals called
the class of 1-absorbing primary ideals. A proper ideal I of a ring R is called
a l-absorbing primary ideal of R if whenever nonunit elements a,b,c € R
and abc € I, then ab € I or ¢ € v/I. In [17], A. Yassine et. al introduced
the concept of 1-absorbing prime ideals which is a generalization of prime
ideals. A proper ideal I of a ring R is a 1-absorbing prime ideal if whenever
we take nonunit elements a,b,c € R with abc € I, thenab € I or c € I. In
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this case VI = P is a prime ideal, cf. [17, Theorem 2.3]. If R is a ring in
which exists a 1-absorbing prime ideal that is not prime, then R is a local
ring, that is a ring with one maximal ideal.

Let Z(R) be the set of all ideals of a ring R. Zhao [18] introduced the
concept of expansion of ideals of R. We recall from [18] that a function
0 :Z(R) — Z(R) is called an expansion function of ideals of R if whenever
L,I,J are ideals of R with J C I, we have L C §(L) and 6(J) C 6(I). Note
that there are explanatory examples of expansion functions included in [18,
Example 1.2] and [5, Example 1]. In addition, recall from [18] that a proper
ideal I of R is said to be a d-primary ideal of R if whenever a,b € R with
ab € I, we have a € I or b € 6(I), where ¢ is an expansion function of ideals
of R. In [10], A. El Khalfi et Al. introduced the concept of l-absorbing
d-primary ideals which is a generalization of 1-absorbing primary ideals. A
proper ideal I of a ring R is a l-absorbing §-primary ideal if whenever we
take nonunit elements a, b, c € R with abc € I, then ab € I or ¢ € (). Also,
recall from [7] that a proper ideal I of R is called a d-semiprimary ideal of
R if ab € I implies a € §(I) or b € 6(I). In this paper, we introduce and
investigate a new concept of ideals that is closely related to the class of §-
primary ideals. Let n be a nonzero positive integer. A proper ideal I of R is
said to be an (n, 1)-absorbing §-primary ideal if whenever nonunit elements
ai1,ag, ..., an+1 € R and ajas...any1 € I, then ajas...a, € I or ap4q € 6(1).

Among many results in this paper, we show that if a ring R admits an
(n + 1, 1)-absorbing d-primary ideal of R that is not an (n, 1)-absorbing J-
primary ideal, then R is a local ring. Moreover, we prove that if R is a
chained ring with maximal ideal M and I is an (n, 1)-absorbing d-primary
ideal of R that is not an (n— 1, 1)-absorbing -semiprimary, then I = M* for
some 1 < k < n. Finally, we give an idea about (n,1)-absorbing d-primary
ideals of the localization of rings, the direct product of rings and the trivial
ring extensions.

2. MAIN RESULTS

We start this section by the following definition.

Definition 2.1. Let n be a nonzero positive integer.

(1) A proper ideal I of a ring R is called an (n,1)-absorbing §-primary
ideal if whenever ajas...any1 € I for some nonunit elements
a1,a2, ...,an+1 € R, then ajaz...an € I or ant1 € §(1).

(2) A properideal I of a ring R is called an (n, 1)-absorbing §-semiprimary
ideal if whenever ajas...an+1 € I for some nonunit elements
a1,a2,...,an+1 € R, then ajaz...an € §(I) or apy1 € 6(1)

Remark 2.2. Let n be a nonzero positive integer and R be a ring, I a proper
ideal of R and § be an expansion function of Z(R).
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(1) If I is an (n,1)-absorbing o-primary ideal. Then I is an (n+1,1)-
absorbing §-primary ideal.

(2) Every d-primary ideal is a (k,1)-absorbing §-primary ideal, for each
positive integer k > 2.
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(3) Ewvery (n,1)-absorbing §-primary ideal is an (n, 1)-absorbing é-semiprimary

tdeal.

(4) Let v be an expansion function of Z(R) such that 6(I) C ~v(I). If
I is an (n,1)-absorbing d-primary ideal of R, then I is an (n,1)-
absorbing vy-primary ideal of R.

Next, we give an example of an (n, 1)-absorbing d-primary ideal that is
not a 1-absorbing prime ideal.

Example 2.3. Let R := K[[X1, X2, ..., X3,)]] be a ring of formal power series
where K is a field for some positive integer n. Consider the expansion func-
tion 0 : Z(R) — Z(R) defined by 6(I) = I+M where M = (X1, Xo, ..., Xp).
Consider the ideal I = (X1 X5...X,,) of R. Thus, I is not a 1-absorbing prime
ideal of R since X1X5...X,, € I but neither X1Xo € I nor X5..X,, € I.
Now, let x1,...Tp, Tnt1 be nonunit elements of R such that x1...xpTpa1 € 1.
Clearly I is an (n,1)-absorbing 6-primary because xn+1 € 6(I) = M.

Proposition 2.4. Let n be a nonzero positive integer and I be a (n,1)-
absorbing §-primary ideal of R and §(I) be a radical ideal, that is, \/d(I) =
0(I). Then I is a §-semiprimary ideal of R.

Proof. Suppose that ab € I for some a,b € R. Then we may assume that
a,b are nonunits. Thus a"b € [ implies that a € I or b € §(). Then we
have a € VI C /6(I) = 6(I) or b € §(I). Hence, I is a d-semiprimary ideal
of R. (]

In the next result, we show that if a ring R admits an (n+ 1, 1)-absorbing
0-primary ideal that is not an (n, 1)-d-primary ideal, then R is a local ring.

Theorem 2.5. Let n be a nonzero positive integer and § be an ideal expan-
sion. Suppose that a ring R admits an (n + 1, 1)-absorbing d-primary ideal
that is not an (n, 1)-absorbing d-primary ideal. Then R is a local ring.
Moreover, if R is not local then a proper ideal I of R is an (n,1)-absorbing
d-primary ideal if and only if I is a 6-primary ideal.

Proof. Assume that I is an (n + 1, 1)-absorbing d-primary ideal that is not
an (n, 1)-absorbing d-primary ideal of R. Hence there exists a nonunit el-
ements ai, ag...,an+1 € R such that ajas...ap+1 € I and ay...a,, ¢ I and
ant1 ¢ 6(I). Let d be a nonunit element of R. As dajas...any1 € I, T
is an (n + 1, 1)-absorbing é-primary ideal of R and an4+1 ¢ 6(I), we con-
clude that dajas...a, € I. Let ¢ be a unit element of R. Suppose that
d + ¢ is a nonunit element of R. Since (d + c)ajas...ant1 € I, I is an
(n + 1,1)-absorbing d-primary ideal of R and a,4+1 ¢ 0(I), we get that
(d+ c¢)aras...an = dajas...an + cajasg...an € I. Since dajas...a, € I, we con-
clude that ajas...a, € I, which gives a contradiction. Hence, d + ¢ is a unit
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element of R. Now, the result follows from [6, Lemma 1].
Moreover, if R is not local, we conclude by induction on n and Remark
2.2(2) that a proper ideal I of R is an (n,1)-absorbing J-primary ideal if
and only if [ is a J-primary ideal.

O

Next, we give a method to construct (n,1)-absorbing J-primary ideals
that are not (n — 1, 1)-absorbing d-primary ideals.

Theorem 2.6. Let n be a nonzero positive integer such that n > 2 and
R be a local ring with mazximal ideal M and & be an ideal expansion. Let
x be a nonzero prime element of R such that §(xM" ') C M. Ifx €
S(xM™1), then xM™ 1 is an (n,1)-absorbing §-primary ideal of R. If
oM™t £ aM™2) then xM™ 1 is not an (n — 1,1)-absorbing §-primary
ideal of R.

Proof. First, we will show that 2M" ! is an (n, 1)-absorbing d-primary ideal
of R. Assume that ajas...an11 € M n=1 for some nonunit elements

ai,as,...,ans1 € R. If ajas...ap, ¢ tM™ 1, then for all 1 < i <n, a; ¢ =R,
S0 ajaz...an ¢ TR because x is a prime element of R. Moreover, the fact that
aias...an+1 € *R and ajas...a, ¢ rR implies that a,1 € tR C §(xM™1).
Now, we prove that 2M" ! is not an (n — 1, 1)-absorbing J-primary ideal
of R. By hypothesis, zM™ ™1 # xM" =2 there exists some nonunit elements
az,...,ap—1 € R such that zas...ap_1 ¢ xM™ L Let m € M\§(zM"1),
then zas...a,_1m € M" !, therfore zM™ ! is not an (n — 1,1)-absorbing
d-primary ideal of R. U

Theorem 2.7. Let n be a nonzero positive integer and I be an (n,1)-
absorbing d-primary ideal of a ring R where § is an ideal expansion and
let d € R\ I be a nonunit element of R. Then (I :d) ={x € R|dx €1} is
an (n—1,1)-absorbing 6-primary ideal of R. In particular, for every proper
ideal J of R with J € I, (I :J) is an (n— 1,1)-absorbing 6-primary ideal
of R.

Proof. Suppose that ajas...a, € (I : d) for some elements aj,as,...,a, €
R. Without loss of generality, we may assume that ay,...,a, are nonunit
elements of R. Suppose that ajas...an—1 ¢ (I : d). Since dajas...a,, € I and
I is an (n,1)-absorbing d-primary ideal of R, we conclude that a,, € §(I).
So, a, € §((I : d)) and this completes the proof. The rest is similar. d

Proposition 2.8. Let n be a nonzero positive integer and R be a ring,
an ideal expansion and I be a proper ideal of R. If I is an (n,1)-absorbing
0-primary ideal of R, then either I is an (n— 1,1)-absorbing §-semiprimary
ideal of R or R is local, say with mazximal ideal M, such that M™ C I.

Proof. If R is not local, then Theorem 2.5 and Remark 2.2(3) implies that
I is (n — 1,1)-absorbing d-sermiprimary ideal of R. Now, assume that R
is local with maximal ideal M such that I is not an (n — 1,1)-absorbing
d-semiprimary ideal of R, then there existe some nonunite elements of R,
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ai,ag...,an, € M such that ajag...a,, € I and ajag...an—1 ¢ 6(I) and a, ¢
0(I) . To prove that M™ C I, it suffices to show that xjx9...x, € I for
all z1,29,...,x, € M. Let x1,29,...,xy, € M. Then zixo...xpa100...a,, € I.
Since a,, ¢ 6(I) and I is an (n, 1)-absorbing d-primary ideal, we conclude
that z1xs...xpa102...an—1 € I. Again, since ajas...an—1 € 0(I) and I is an
(n, 1)-absorbing d-primary ideal, we have that xjzo...z, € I. O

Recall that a ring R is a chained ring if the set of all ideals of R is linearly
ordered by inclusion. We next determine the (n,1)-absorbing d-primary
ideals of a chained ring.

Theorem 2.9. Let R be a chained ring with mazimal ideal M, § an ideal
expansion and I be an (n,1)-absorbing §-primary for some positive integer
n > 2. If I is not an (n — 1,1)-absorbing 6-semiprimary. Then I = MF* for
some positive integer k, 2 < k < n.

Proof. By Proposition 2.8 R is local with maximal M such that M™ C I.
Let k = min{i/M" C I}, we show that I = M*. Suppose that M* C I.
Thus there is @ € M*'\I and b € I\MP*. Since R is a chained ring, we
conclude that b € aR. Hence b = ar for some r € M. Thus b € M*, a
contradiction. Hence I = M¥.

O

Proposition 2.10. Let n be a nonzero positive integer and {J; | i € D} be
a directed set of (n,1)-absorbing §-primary ideals of R, where § is an ideal
expansion. Then the ideal J = UijepJ; is an (n, 1)-absorbing 6-primary ideal

of R.

Proof. Let ajas...ap+1 € J for some nonunits aj,as,...,any1 € R, then
a1a3...an41 € J; for some i € D. Since J; is an (n, 1)-absorbing d-primary
ideal of R, ajas...a, € J; or ant1 € §(J;) C §(J). Hence, J is an (n,1)-
absorbing §-primary ideal of R. O

Proposition 2.11. Let n be a nonzero positive integer and I be an (n,1)-
absorbing d-primary ideal of R such that \/8(I) C 6(\/I), where § is an ideal
expansion. Then, VI is a 6-primary ideal of R.

Proof. Let xy € /I such that x ¢ v/I. Thus, there exists a positive integer
p such that 2Py? € I. So, 2" 'aPy? € I. Since I is an (n,1)-absorbing
S-primary ideal of R and 2" '*P ¢ I, we conclude that y? € §(I). That
implies y € \/6(I) € §(+/T) and so /T is a d-primary ideal of R. 0

We say that a proper ideal I of a ring R is an (n, 1)-absorbing prime ideal
if whenever ajas...ap+1 € I for some nonunit elements ay, as, ...,an4+1 € R,
then ajasg...ap € I or apyq € I.

Proposition 2.12. Let n be a nonzero positive integer and I be a proper
ideal of a ring R and § be an ideal expansion such that 6(6(I)) = §(I). Then
the following statements are satisfied.

185
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(1) If I is an (n,1)-absorbing d-primary ideal and ay, az, ..., a, are nonunit
elements with ayas...an ¢ I, then 6(1 : ayag...an) = 0(I).

(2) 6(I) is an (n,1)-absorbing d-primary ideal of R if and only if §(I) is
an (n,1)-absorbing prime ideal of R

Proof. (1) Let I be an (n, 1)-absorbing d-primary ideal and ajas...a, ¢ I.
Note that I C (I : ajaz...ap) and so 6(I) C 6(I : ajaz...an). Let ¢ € (I :
a1a3...a,). Then ¢ € §(I) since ajag...apc € I and ajas...ap, ¢ I. Thus
(I : ajag...ap) C 6(I). We get 6(1 : ajag...an) C 6(6(I)) = d(I). Hence we
conclude the equality.

(2) Let ayas...ap4+1 € 0(I) for some nonunit elements ay, ag, ..., ant1 € R.
Hence ajas...a, € §(I) or apy1 € §(6(I)) = 6(I). Thus §(J) is an (n,1)-
absorbing prime ideal of R. (]

Proposition 2.13. Let n be a nonzero positive integer and R be a ring, I a
proper ideal of R and § be an ideal expansion. Then I is an (n,1)-absorbing
d-primary ideal if and only if whenever I11s...I,+1 C I for some proper ideals
Il,IQ, ~--7[n+1 OfR, then Ilfn Q I or In+1 Q 5([)

Proof. Tt suffices to prove the “if” assertion. Suppose that I is an (n,1)-
absorbing d-primary ideal and let Iy, Is, ..., Iny1 be proper ideals of R
such that I1Is..In41 € I and I,,11 € 6(I). Thus ajas...an41 € I for every
a; € I;, with 1 < i <nand ap4+1 € In41 \ 0(I). Since I is an(n, 1)-absorbing
é-primary ideal, we then have I115...I,, C I, as desired. O

Recall from [18] that an ideal expansion § is said to be intersection pre-
serving if 6(Ih1NIaN...N 1) = 6(I1)Nd(I2) N...NJ(Is) for any ideals I, ..., I,
of R.

Proposition 2.14. Let (n,s) € N*2 and § be an intersection preserving ideal
expansion. If I, 1o, ....Is are (n,1)-absorbing d-primary ideals of R, and
0(I;) = P for some ideal P of R and alli € {1,2,...,s}, then 1 NIaN...N 1
is an (n,1)-absorbing d-primary ideal of R.

Proof. Let ajas...any1 € J =11 N IoN...N I such that ajas...a, ¢ J. Let
i € {1,2,...,s} such that ajas...a, ¢ I;. Since ajaz...an+1 € I; and I; is
an (n, 1)-absorbing 0-primary ideal, we conclude that a,1 € §(I;) = 6(J).
Therefore, J is an (n, 1)-absorbing d-primary ideal of R. O

Proposition 2.15. Let n be a nonzero positive integer and R be a ring
and 0 be an expansion function of Z(R). Then the following statements are
equivalent.
(1) Ewvery proper principal ideal is an (n,1)-absorbing d-primary ideal of
R.
(2) Ewvery proper ideal is an (n,1)-absorbing 6-primary ideal of R.

Proof. Assume that (1) holds and let I be a proper ideal of R. Let ay, as, ..., an+1
be nonunit elements of R such that ajas...an+1 € I. Hence ajas...an11 €
a1a2...ap+1 R which implies that ajas...an, € ajas...ant1R C I or any1 €
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d(arag...ant1R) C 6(I). Therefore I is an (n,1)-absorbing é-primary ideal
of R. The converse is clear. O

An expansion function ¢ of Z(R) is said to satisfy condition (x) if 6(1) # R
for each proper ideal I of R. Note that the identity function and the radical
operation are examples of expansion functions satisfying condition ().

Theorem 2.16. Let n be a nonzero positive integer and R be a ring and
0 an expansion function of Z(R) satisfying condition (%) and 6(Jac(R)) =
Jac(R). Suppose that 6(xI) = x0(I) for every proper ideal I of R and every
x € R. The following statements are equivalent.

(i) Every proper principal ideal is an (n,1)-absorbing d-primary ideal of
R.

(ii) Every proper ideal is an (n,1)-absorbing 6-primary ideal of R.

(iii) R is local with Jac(R)™ = (0).

Proof. (i) < (i1) Follows from Proposition 2.15.

(13) = (4i1) We will show that R is a local ring. Choose maximal ideals
M, My of R. Now, put I = My N M. Since M{'My C I and I is an (n,1)-
absorbing d-primary ideal, we have either M C I C My or My C 6(I) C
o(My).

Case 1: Suppose that M C My. Since My is prime, clearly we have
M7 C Ms which implies that M7 = Mo.

Case 2: Suppose that My C 6(M7). Since ¢ satisfies condition (x), 6(M;) is
proper. As M; C §(M;) and M; is a maximal ideal, we have M = §(M;).
Then we get My C Mj, which implies that M; = Ms. Therefore, R is a
local ring.

Now, we will prove that Jac(R)" = (0). We may assume that Jac(R) #
(0). So, let x1,x9, ...,z € Jac(R) and we choose z € Jac(R) \ (0). Since
Z1..Tp2 € (21...x52) and (x;...xp2) is an (n, 1)-absorbing d-primary, we get
Z1..Zy € (T1...xp2) Or 2 € 0((21...252)) = 26((x1...7y)). First, assume that
Z1...Tpy € (21...2,2). Then there exists r € R such that z1...x, = raj...zy2,
which implies that xj...x,(1—rz) = 0. Since 1—rz is unit, we have z1...x,, =
0 which completes the proof. Now, assume that ...z, ¢ (21...2,2), that
is, z € 6((x1...xp2)) = 20((x1...x5)). Then there exists a € ((x1...x,)) C
Jac(R) such that z = za. This implies that z(1 —a) = 0 so that z = 0, a
contradiction. Therefore, Jac(R)" = (0).

(73i) = (i) Suppose that R is a local ring with Jac(R)"™ = (0). Let I be a
proper ideal of R and ajas...ap+1 € I for some nonunits ay, as, ..., ap4+1 € R.
Then ay,as, ...,an+1 € Jac(R) since R is local. As Jac(R)" = (0), we have
ayas...a, = 0 € I. Therefore, I is an (n, 1)-absorbing d-primary ideal of
R. O

It can be easily seen that, in Theorem 2.16, (i:7) always implies () without
any assumption on §. But we give some examples showing that the converse
is not true if we drop the aforementioned assumptions on §.

187
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Example 2.17. Let R = Zyn, where p is a prime number, n is a nonzero
positive integer and §(I) = R for every proper ideal I of R. Note that 6 does
not satisfy condition (%) and note that every ideal I of R is (n,1)-absorbing
0-primary. Thus Jac(R)™ # (0), while R is a local ring.

Example 2.18. Let k be a field and consider the formal power series ring
R = k[[X]]. Then R is a local ring with unique maximal ideal m = (X).
Define expansion function & as 6(I) = /I for every ideal I of R. Then it is
easy to see that every ideal of R is an (n,1)-absorbing 6-primary ideal, for
every nonzero positive integer n. Also, it is clear that § satisfies condition
() and 6(Jac(R)) = Jac(R) but not satisfy the condition 6(zI) = x0(I).
Furthermore, Jac(R)"™ # (0). Thus Theorem 2.16 fails without assumption
O(zl) = xd(I).

Let f : R — S be a ring homomorphism and 4, v expansion func-
tions of Z(R) and Z(S) respectively. Recall from [5] that f is called a
§v-homomorphism if §(f~1(I)) = f~1(y(I)) for each ideal I of S. Also note
that if f is a 0y-epimorphism and I is an ideal of R containing ker(f), then

V(f(ID) = F(6(1)).

Theorem 2.19. Let n be a nonzero positive integer and f : R — S be a
ring dy-homomorphism where 6, v are expansion functions of Z(R) and Z(S)
respectively. Suppose that f(a) is nonunit in S for every nonunit element a
in R. Then the following statements hold.

(1) If J is an (n,1)-absorbing y-primary ideal of S, then f~1(.J) is an
(n,1)-absorbing d-primary ideal of R.

(2) If f is an epimorphism and I is a proper ideal of R containing ker(f),
then I is an (n,1)-absorbing 0-primary ideal of R if and only if f(I)
is an (n,1)-absorbing vy-primary ideal of S.

Proof. (1) Assume that ajas...ani1 € f~(J), for some nonunit elements
a1,a2,...,an+1 € R. Then f(a1)f(a2)...f(apn+1) € J. Thus
flar)f(az2)...f(an) € J or f(apt1) € v(J), which implies that a;...a, €
F7YJ) or ant1 € f7Hy(J)) = 8(f1(J)). Therefore, f~1(J) is an (n,1)-
absorbing §-primary ideal of R.

(2) Suppose that f(I) is an (n,1)-absorbing ~-primary ideal of S. Since
I = f~Y(f(I)), we conclude that I is an (n,1)-absorbing d-primary ideal
of R by (1). Conversely, let x1,x9, ..., Zp+1 be nonunit elements of S with
2122...xp+1 € f(I). Then there exist a1,as9,...,an+1 € R such that z; =
f(a;), with 1 <i < n+1 and f(ajaz2...an+1) = x129...x541 € f(I). Since
ker(f) C I, we then have ajas...any1 € I. Since I is an (n,1)-absorbing
d-primary ideal of R and ajas...ap+1 € I, we conclude that ajas...a, € I or
an+1 € 0(1) which gives that z1zs...2, € f(I) or zpq1 € f(6(1)) =v(f(1)).
Thus f(I) is an (n, 1)-absorbing §-primary ideal of S. O



On (n,1)-absorbing d-primary ideals

Let ¢ be an expansion function of Z(R) and I an ideal of R. Then the
function ¢ : % — % defined by 5(%) = @ for all ideals I C J, becomes
an expansion function of % Then, we have the following result.

Corollary 2.20. Let n be a nonzero positive integer and R be a ring, ¢
an expansion function of Z(R) and I C J be proper ideals of R. Assume
that a + I is a nonunit element of% for every nonunit element a € R.
Then J is an (n,1)-absorbing d-primary ideal of R if and only if % s an
(n,1)-absorbing 6-primary ideal of %.

Proposition 2.21. Let n be a nonzero positive integer and S be a multi-
plicatively closed subset of a ring R and dg an expansion function of Z(S™'R)
such that 6g(S™I) = S™Y(8(I)) for each ideal I of R. If I is abn (n,1)-
absorbing d-primary ideal of R such that INS = &, then S™'I is an (n,1)-
absorbing dg-primary ideal of ST'R.

Proof. Let I be an (n, 1)-absorbing d-primary ideal of R such that INS = &

and ‘;—i‘;—;Z"—E € S7'I for some nonunit elements ay, as, ..., a,4+1 € R and
n

51,82, ..., Sn+1 € S such that %Z—Z ¢ S~'I. Then zajas...an,.1 € I for
some x € S. Since I is an (n,1)-absorbing J-primary and za;j...a, ¢ I,
we conclude that an41 € 6(I). Thus ‘;Zﬁ € S716(I)) = d5(S™H) which
completes the proof. O

Let Ry and Ry be two rings, let d; be an expansion function of Z(R;) for
each i € {1,2} and R = Ry x Ry. For a proper ideal I; X I, the function
defined by 0x (11 x I2) = 81(11) X d2(I2) is an expansion function of Z(R).
The following result characterizes the 1-absorbing §-primary ideals of the
direct product of rings.

Theorem 2.22. Let Ry and Ry be rings, R = Ry X Ry and let §; be an
expansion function of Z(R;) for i = 1,2. Then the following statements are
equivalent:
(1) I is an (n,1)-absorbing dx-primary ideal of R.
(2) I is a dx-primary ideal of R.
(3) Either I = I} x Rg, where Iy is a d1-primary ideal of Ry or I =
Ry x Iy, where Iy is a da-primary ideal of Ry or I = I1 x I, where
Iy and I are proper ideals of Ry, Ro, respectively with 61(I1) = Ry
and 52([2) = RQ.

Proof. (1) < (2). This follows from Theorem 2.5.

(2) & (3) Let I be a dx-primary ideal of R. Hence I has the form [ =
I} x I, where I} and I are ideals of Ry and Ry respectively. Without loss
of generality, we may assume that I = I} X Ry for some proper ideal I}
of R;. We show that I is a é;-primary ideal of R;. Deny. Then there are
a,b € Ry such that ab € I,a ¢ I and b ¢ 1(11). Hence (a,1)(b, 1) € I1 X Ry.
Which implies that (a,1) € I x Ry or (b,1) € dx(I; X R2) and so a € I
or b € 61(I1), which gives a contradiction. Now suppose that both I; and
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I are proper. As (1,0)(0,1) € I; x I and (1,0),(0,1) ¢ I; x I, we have
(1,0),(0, 1) € 5><(Il X IQ) = 61(Il> X 52([2). Therefore 61(Il> = Ry and
02(I2) = Ry. The converse is clear. O

In view of Theorem 2.22, we have the following result.

Theorem 2.23. Let Ry, Ra, ..., R, be commutative rings with nonzero iden-
tity and R = Ry X Ro X - -+ X R, wheren > 2. Let §; be an expansion function
of Z(R;) for each i =1,2,...,n. Then the following statements are equiv-
alent.

(1) I is an (n,1)-absorbing dx-primary ideal of R.

(2) I =1 x Iy X -+ x I, and either for some k € {1,2,...,n} such that
Iy, is a Op-primary ideal of Ry and I; = R; for each j € {1,2,...,n}\{k}

or I,,’s are proper ideals of Ry, for {ai,as,...,ar} C {1,2,...,n} and
Hat,ao,. .. ai}] > 2 with §a,(1a;) = Ra,;, and Ij = R; forallj € {1,2,...,n}\
{Ozl, a9, ... ,Oék}.

Proof. It can be obtained by using mathematical induction on n. O

Let A be aring and E an A-module. Then A X E, the trivial (ring) exten-
sion of A by F, is the ring whose additive structure is that of the external
direct sum A & E and whose multiplication is defined by (a,e)(b, f) :=
(ab,af + be) for all a,b € A and all e, f € E. (This construction is also
known by other terminology and other notation, such as the idealization
A(+)E.) The basic properties of trivial ring extensions are summarized in
the books [13], [12]. Trivial ring extensions have been studied or generalized
extensively, often because of their usefulness in constructing new classes of
examples of rings satisfying various properties (cf. [1, 2, 4, 8, 9, 14] ). In
addition, for an ideal I of A and a submodule F' of E/, I x F' is an ideal of
A x E if and only if IF C F. Moreover, for an expansion function § of A,
it is clear that 0, defined as 6« (I X F) = §(I) x E is an expansion function
of Ax E. Also as usual, if ¢ € A then (F:¢) ={e € E|ce € F}.

Theorem 2.24. Let A be a ring, E an A-module and § be an expansion
function of Z(A). Let I be an ideal of A and F a submodule of E such that
IE C F. Then the following statement hold:
(1) If I x F is an (n,1)-absorbing dx-primary ideal of A x E, then I is
an (n,1)-absorbing d-primary ideal of A.
(2) Assume that (F' : ¢) = F for every c € A\ 1. Then I x F is an
(n,1)-absorbing 0y -primary ideal of A x E if and only if I is an
(n, 1)-absorbing d-primary ideal of A.

Proof. (1) Assume that I x F'is an (n, 1)-absorbing d-primary ideal of Ax E

and let x1, ..., Ty, Tn4+1 be nonunit elements of A such that x;...z 2041 € 1.

Thus (z1,0)...(zn, 0)(zn+1,0) = (21...2p2n41,0) € I X F which implies that
(1,0)...(xn,0) € I X F or (xy41,0) € 6x(I x F) = 6(I) x E. Therefore
x1...ty € T or 2541 € (1) and so (1) holds.

(2) By (1), it suffices to prove the "if” assertion. Let (x1,€1),...(Tn, €n), (Tnt1, €nt1)
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be nonunit elements of A x E such that (z1,e1)...(zn,en)(Tnt1,€nt1) €
I x F. Clearly, (z1,€1)...(Tn,n)(Tn+1,€nt1) = (T1---Zn, 2)(Tns1, €nt1) =
(X1 B @pg 1, T1.--Tp€nt1 + Tpi12) for some z € E and 8o 21...2,2Zp41 € 1.
Thus, z1...2, € I or 41 € 6(I) since I is an (n, 1)-absorbing d-primary
ideal of A. If x,41 € §(1), then (xy41,ent1) € 6(I) x E = 0 (I x F'). Hence,
we may assume that z,+1 ¢ 0(I). Then xy..x, € I. As zi..xpen1 +
Tnt12 € F and x1...2pen41 € F, we get that x,412 € F. This implies that
z € (F:xpy1) =F and so (z1,e1)...(zp, e,) € I x F. Therefore I x F' is an
(n, 1)-absorbing d,-primary ideal of A x E. O

Corollary 2.25. Let A be a ring, E an A-module and 0 be an expansion
function of Z(A). Let I be a proper ideal of A. Then I x E is an (n,1)-
absorbing Sy -primary ideal of A x E if and only if I is an (n,1)-absorbing
d-primary ideal of A.
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